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Abstract 

For discrete spectrum of ID second-order differential/difference op¬ 
erators (with or without potential (killing), with the maximal/minimal 
domain), a pair of unified dual criteria are presented in terms of two 
explicit measures and the harmonic function of the operators. Interes¬ 
tingly, these criteria can be read out from the ones for the exponential 
convergence of four types of stability studied earlier, simply replacing the 
‘finite supremum’ by ‘vanishing at infinity’. Except a dual technique, the 
main tool used here is a transform in terms of the harmonic function, to 
which two new practical algorithms are introduced in the discrete context 
and two successive approximation schemes are reviewed in the continu¬ 
ous context. All of them are illustrated by examples. The main body of 
the paper is devoted to the hard part of the story, the easier part but 
powerful one is delayed to the end of the paper. 
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1 Introduction 

The spectral theory is an active research subject, not only in mathematics but 
also in physics. The discrete spectrum has an especial meaning in quantum 
physics, it represents the discrete levels of energy. From the Internet, one may 
find a large number of publications in the field (more than 50, 000 webpages 
in the scholar search for “discrete spectrum”). From the search, we learnt 
that the theory was begun in early 1900s, mainly from the interaction of 
mathematics and physics, by F. Riesz, D. Hilbert, H. Weyl, J. von Neumann, 
and many others. In particular, the concept of “essential spectrum” used 
below was first introduced by H. Weyl in 1910. Surprisingly, in such a long 
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time-developed field, the known complete results are still rather limited, even 
in dimension one. We will review some of the related results case by case 
subsequently. 

This paper deals with one-dimensional case only. Mainly, the results come 
from three resources: (i) Mao’s criteria m in the ergodic case; (ii) the Karlin- 
McGregor’s dual technique (cf. [3]); and (iii) an isospectral transform intro¬ 
duced recently by the author and X. Zhang (2014). The last point is essential 
different from the known approach (comparing with [12l , 7]). If the harmonic 
function is replaced by the ground state (i.e., the eigenfunction corresponding 
to the principal eigenvalue), then the transform in (iii) is just the //-transform 
often used in the study of spectral gap for Schrodinger operators. Certainly, in 
practice, it is important to estimate the harmonic function. For this, we intro¬ 
duce some easier algorithms in the discrete context and review two successive 
approximation schemes in the continuous context. 

A large part of the paper (5 sections: 1J2]-© deals with the discrete space. 
A typical result of the paper is presented in the next section (Theorem 12.II) . its 
proof is given in fj3l Some illustrating examples are also presented in the next 
section, their proofs are delayed to lj6j The new algorithms are presented in f|4] 
and 1JH The continuous analog of the results in the discrete case is presented 
in the last section ($J7|) of the paper. Additionally, a powerful application of 
our approach is illustrated by Corollary 17.91 and Examples 17.101 and 17.111 


2 Main results in discrete case 


Given a tridiagonal matrix Q c = {qtj} on E := {0, 1, 2, ...}: = bi > 0 {i ^ 

0), q i:i -1 = cii > 0(i Ss 1), (U.i = -(ai + bi + c»), where a > 0(i > 0), and 
qi j = 0 for other j / i. From probabilistic language, this matrix corresponds 
to a birth-death process with birth rates bi, death rates a* and killing rates 
Q. Corresponding to the matrix Q c , we have an operator 

M c f{k) = b k (fk+i - fk) + a k {fk-i - fk) - Cfc/fc, k e E, a 0 := 0. 


In what follows, we need two measures fj, and v on E: 


Mo = 1, 


l^n 


bp ■ ■ ■ b n i 

& 1 ' ' ' 0"n 


n $5 1; 


v n = 


M nbn 


n 0. 


Corresponding to the operator tl c , on L 2 ([i), there are two quadratic (Dirich- 
let) forms 

D c (f) = J] Vk[h(fk+l ~ fk ) 2 + c k fk\ 

0 

either with the maximal domain 


^max(D C ) = {/ 6 L 2 (/r) : D c (f ) < 00} 
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or with the minimal one ^ m i n(D c ) which is the smallest closure of 
{/ e L 2 (/r) : / has a finite support} 

with respect to the norm || • Ho: \\f\\ 2 D = ||/||| 2 (^ + D c (/). The spectrum 
we are going to study is with respect to these Dirichlet forms. We say that 
(.D c , fFmin(D c )) has discrete spectrum (equivalently, the essential spectrum of 
(D c , ^min (D c )) , denoted by a ess (0} nin ), is empty) if its spectrum consists only 
isolated eigenvalues of finite multiplicity. For an operator L, we have 


spectrum of L = discrete part + essential part. 

Hence the statement “L has discrete spectrum” is exactly the same as u a ess (L ) 
= 0”. To state our first main result, we need some notation. Define 

Ui = —, Vi = —, fi = l + Ui + Vi, 2^0; 

Or Oi 


r o = 


1 + u 0 ' 


r n = ■ 




u n r n —1 


1; 


£n—1 


/« —1 \ -1 

/i 0 = 1, h n = ( I([ r k 
' fc=o 


Mn-l 


' • ^2 ~ 


«2 


6 - 




1 + u 0 


n ^ 1. 


For simplicity, we write 

Spec(^m in )= The T 2 (/_x)-spectrum of (D c , \„ (D c j). 
Similarly, we have Spec(H} liax ). 


Theorem 2.1 (1) Let J^ =0 (hkhk+i^kbk) 1 < oo. Then Spec(D} llin ) is dis¬ 

crete iff 

n oo .j 

lirn ^ Hjh* t—, -7- = 0. 

n_>00 jro hkhk+iUkh 

(2) Let 2JL 0 h 2 < oo. Then Spec(H^ ax ) is discrete iff 

oo n ^ 

iim V pj/i 2 V —-— = 0. 

n—>G0 j=n +i fcTo h khk + i^kbk 

(3) Let2® = o(%%+iWfcfc) -1 = oo = SjLo/Jjh 2 . Then Spec(Q} nin ) = Spec(D} nax ) 

is not discrete. 
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Corollary 2.2 If a ess (n ^ n ) = 0, then A 0 ( ^ in ) > 0, where 

Ao(nSnn) = inf {D c (f) : f e ^ min (D c ),\\f\\ L ^) = !}• 

Proof. Once <T e ss(^min) = 0) by Theorem 12.11 (1). it is obvious that 

n oo j 

Then the conclusion follows from [5j Theorem 2.6]. □ 

Remark 2.3 If a = 0. Then Vi = 0 and = 1 + u n . Since ro = 1 and 
r n = (£ n — Uni~ n - i) _1 , by induction, it is obvious to see that r n = 1 and then 
h n — 1. 

When Ci = 0, we drop the superscript c from and D c for simplicity. 
In this case, part (2) of the theorem is due to [101 Theorem 1.2]. Under the 
same condition, a parallel spectral property of the birth-death processes has 
recently obtained by PI- The criteria in the present general setup seem to be 
new. Let us mention that different sums 2* and Xln+i are used respectively 
in the first two parts of Theorem 12.11 

Before moving further, let us explain the reasons for the partition of three 
parts given in the theorem. 


Remark 2.4 Consider c;s0 only for simplicity. 

(a) First, let Un < °°- If furthermore ]T] n (/i n & n ) _1 = oo, then the 
corresponding unique birth-death process is ergodic. It becomes exponen¬ 
tially ergodic iff the first non-trivial “eigenvalue” Ai (or the spectral gap 
inf{Spec(fl)\{0}}) is positive. Equivalently, 

71—1 -y OO 

su p XI < 00 

(cf. [2] Theorem 9.25]). One may compare this condition with part (2) of 
Theorem 12.11 having h n = 1. Clearly, this is a necessary condition for Spec(fl) 
to be discrete. The exponential ergodicity means that the process will return 
to the original exponential fast. Hence with probability one, it will never go 
to infinity. 

(b) Conversely, if 2 n (lL0n) _1 < oo. Then the process is transient. It 
decays (or “goes to infinity”) exponentially fast iff 


n oo 

su p X 0 X 

n ^ 1 j =0 k=n 


1 

l^k^k 


< 00 . 
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Refer to [2 Theorem 3.1] for more details. One may compare this condition 
with part (1) of Theorem 12.11 having h n = 1. This conclusion holds even 
without the uniqueness assumption: 


00 


21 


1 

fJ'kbk 


k 

2^- 
3 = 0 


= 00 . 


(cf. [2 Corollary 3.18] or [3] (1.2)]). 

(c) Let Yin^n < 00 an d @min (D) A ® maX (D). Prom [3] Proposition 1.3]), 
it is known that £ ) m \n (D) = f max (H) iff 



Hence we have also 2fcLo(Afcfrfc) _1 < 00 ■ I 11 this case, we should study their 
spectrum separately. For the maximal one (H, ^max(-D)), the solution is given 
by part (2) of the theorem. For the minimal one, the solution is given in 
part (1). In this case, both Spec(H m i n ) and Spec(Q max ) are discrete. In [2 
Theorem 2.6], the principal eigenvalue is studied only in a case for The 

other three cases (cf. [3]) should be in parallel. For instance, corresponds 
to an extended Hardy inequality: 

\\f\\h M ^ ADC U), /ef 2 W, 

where A is a constant. However, for the condition “/ e L 2 (/x)” in the 

last line should be replaced by “/ has finite support”. 

(d) As for part (3) of the theorem, since part (1) remains true even if 
Dn^n^ri) -1 = °0- Dually, part (2) remains true even if ]>] r) /j n = oo. Alterna¬ 
tively, in case (3), the birth-death is zero recurrent and so the spectrum can 
not be discrete. Actually, it can not have exponential decay. Otherwise, 

rCO rCC 

00 = pa(t)dt ^ C e~ Xot < oo. 

Jo Jo 

Besides, 3> m in (D) = x(-D). The assertion is now clear. 

The next four simple examples show that the three parts in Theorem l2.1l are 
independent. Note that in what follows, we do not care about 6o and ao since 
a change of finite number of the coefficients does not interfere our conclusion 
(in general, the essential spectrum is invariant under compact perturbations). 


Example 2.5 Let 6 n =n 4 and p n =n 2 . Then both Spec(fl m i n ) and Spec(O max ) 

are discrete. 
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Proof. Since = n 2 , we have < °o and u n < oo. The assertion 

follows from the first two parts of Theorem 12.11 □ 


Example 2.6 Let c n = 0, b n = a n+ \ = n 7 (7 ^ 0). Then Spec(Q m ; n ) is 
discrete iff 7 > 2 . In particular, if 7 e [0,1], then Spec(fl m i n ) = Spec(Q max ) is 
not discrete. 

Proof. Because fi n ~ 1, u n ~ n -7 . Hence z> n < 00 iff 7 > 1 , 

n 00 

2 ^ 2 % ~ n2 ~ 7 - 
0 n 

The main assertion follows from the last two parts of Theorem 12.11 In the 
particular case that 7 e [0,1], we have = °o and v n = 00 • The 

assertion follows from part (3) of Theorem 12.11 □ 

Dually, we have the following example. 


Example 2.7 Let c n = 0, a n = b n = n 7 ( 7 ^ 0 ). Then Spec(fl[[ iax ) is discrete 
iff 7 > 2. In particular, when 7 £ [0,1], then Spec(D m i n ) = Spec(fl max ) is not 
discrete. 

Since a local modification of the rates does not make influence to our 
conclusion, we obtain the next result. 


Example 2.8 If a ¥= 0 only on a finite set, then the conclusions of the last 
three examples remain the same. 

The next three examples are much more technical since their (c n ) are not 
local. This is what we have to pay by our approach. The proofs are delayed 
to Section [ 6 ] 


Example 2.9 Let a n = b n = 1 and c n { 0. Then Spec(D^ in ) is not discrete or 
equivalently cr ess (Q^ in ) ^ 0. 


Example 2.10 Let a n = b n = (n +1)/4, c n = 9(n + l)/16. Then cr ess (D^ in ) = 0. 


Example 2.11 Let a n = b n = (n+1) 2 , c n = 5+10/(5n-12). Then u ess (QT n )/0. 
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3 Proof of Theorem 12.1 

(a) The computation of the Q c -harmonic function h (i.e., £l c h = 0) used in the 
theorem is delayed to Section [5j 

(b) By using h, one can reduce the case of Cj ^ 0 to the one that c ? ; = 0. 
Roughly speaking, the idea goes as follows. Let h / 0, /x-a.e. Then the 
mapping / —► /: / = lr h^o]f/h is an isometry from L 2 (/i) to L 2 (jl), where 
/2 = /i 2 /r. Next, for given operator (fi c , fi?(fi c )) , one may introduce an operator 
0 on L 2 (fl) (without killing) with deduced domain &(&) from fF(H c ) under 
the mapping / —> / such that 

(Si7, /)„ - (si/, /)„, 

This implies that the corresponding quadratic form (D C ,^(D C )) on L 2 (fj.) 
coincides with (I7,^(D)) on L 2 (/i) under the same mapping, and hence 

Spec M (H C ) = Spec^(H). 

Refer to (5j Lemma 1.3 and §2]. Actually, as studied in the cited paper, this 
idea works in a rather general setup. 

From now on in this section, we assume that c* = 0. 

(c) Consider first Spec(H max ). Without loss of generality, assume that 
fi(E) < oo. Otherwise, < 7 e ss(H max ) ¥= 0. (Actually, in this case, the spectral 
gap vanishes and so the spectrum can not be discrete.) By jlOl Theorem 1.2], 
•Tess(f^) = 0 iff 


n—1 


lim fi[n, oo 

n —>-00 


>E 


1 

H b i 


lim z>[0, n] /. i[n + 1, oo) = 0, 

n—► oo 


where (/i n ) and (z> n ) are defined at the beginning of the paper. This is the 
condition given in Theorem 12.11 (2) with hk = 1. Here we remark that in 
the original jlOl Theorem 1.2], the non-explosive (uniqueness) assumption was 
made. However, as mentioned in [3 §6], one can use the maximal process 
instead of the uniqueness condition. This remains true in the present setup, 
since the basic estimates for the principal eigenvalue used in |1Q[ Theorem 
2.4] do not change if the uniqueness condition is replaced by the use of the 
maximal process, as proved in [3 §4], 

(d) Define a dual birth-death process on {0,1, 2,...} by 


®i+l> ^ii 


% 0 . 


Similar to (/j, n ) and (D), we have 


h* ■ ■ - h* 

* i * u 0 u n —1 -i 

Mo = f, Mn = —5- ~r, n>l\ 


~ * 

V-n = 


Mn w n 


n 0. 
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Then 


Vn 


V n = 


"n—1 


Mmn-li 


K ■ ■ ■ K-i vl-iK-i 

1 _ 1 »*n-lK-l = i± 

a, 


Vnbn “O' 'n—l^n u '0 u n 

The last equality holds also at n = 0, and then 

1 


n ^ 1. 
n ^ 1. 


Un = 


Vn b ri 


= n^O. 


Therefore, 

z>[0, n] /i[n + 1, oo ) = -^*[0, n] ag z>*[n, oo) = /r*[0, n] 0*\n, oo) 
a 0 

Clearly, we have v*{E) < oo iff /r(F) < oo. 

Next, define 



Vo 

Vi 

M2 

M3 


0 

Mi 

M2 

M3 

M = 

0 

0 

M2 

M3 


0 

0 

0 

M3 


, M~ l = 


1 

Mo 

0 


1 

p 

Mi 

0 0 


0 


0 


- 0 

f 1 1 


0 


0 


Vi 

0 


p 

V3 


Then we have 17* = M17M -1 or equivalently, Q* = MQM~ l . In other words, 
17 and 17* are similar and so have the same spectrum (one may worry the 
domain problem of the operators, but they can be approximated by finite 
ones, as used often in the literature, see for instance 0). Now, we can read 
from proof (c) above for a criterion for Spec(17^ in ) to have discrete spectrum: 
(T ess(17^ lin ) = 0 iff 

lim n* [0, n\ u* [n, oo) = 0. 

n —>00 

Ignoring the superscript *, this is the condition given in Theorem 12.11 11) with 
hk = 1 - 


4 An algorithm for (hi) in the “lower-triangle” case. 

To get a representation of the harmonic function h, as mentioned in [6l Remark 
2.5(3)], even in the special case of birth-death processes, we originally still 
had to go to a more general setup: the “lower-triangle” matrix (or single birth 
process). For those reader who is interested in the tridiagonal case only, one 
may jump from here to the next section. The matrix we are working in this 
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section is as follows: qi : i+\ > 0 for each i ^ 0 but qij ^ 0 can be arbitrary for 
every j < i. For each (c t e M), the operator Q c becomes 

^ C /W = X! %(/?' “ /») + Qi,i+i(fi+i ~ fi ) - c i/u * > 0. 

j<i 

To be consistence to what used in the last section, we replace Cj used in E| by 
—c ? ; here. Following [6l Theorem 1.1], we adopt the notation: 


Or? = X! qn i + Cn ( here c n e M!), 0 ^ k < n, 


j =o 


F? = 1 


^ n —1 


( 7 n,n+l 


k=i 


2 E 5 

0 ^/c^n —1 O^fc 


5n - 50 + /j /j - t 'fc 


C?) fj F c j9o 
q j,j +1 


E-o 
L 0 


n ^ 0. 


The theorem just cited says that (g n ) is the solution to the Poisson equation 


^ c <7 = / on£= {0, !,•••}. 


In particular, when / = 0, this g gives us the unified formula of Q c -liarinonic 
function h. 

We now introduce an alternative algorithm for {Fn^} n>i>0 (and then for 
{dn }n^o)• This is meaningful since it is the most important sequence used in 
j6]. The advantage of the new algorithm given in fll]) below is that at the kth 
step in computing G' ^ we use G; only but not G:J all s: i ^ s ^ k — 2, 

as in the original computation for Fn ' 1 where the whole family {fZ | n _ 1 j s 
required. 


Proposition 4.1 Let 


~(i) 

(i) _ q i+i 


uy = 


i>0, £>1. 


Qi+Li+i+l 


Fix i ^ 0, define {G^\ : £ k} k>1 , recurs ' ve ly ' n k, by 


gz = G z k -i+Fz:;zGZi, k -v 2 


■»(*) _ r<(i) j_ ,,(*+ fc - 1 )r»(0 

r e,k~ 

with initial condition 


(1) 


(7 W - v® 

^e,i ~ u e ’ 


^ 1 . 


'll*) 


Then, with Gq 0 = 1, we have the following alternative representation. 







10 


Mu-Fa Chen 


(1) For each m ^ 0 and i ^ 0, 


(2) For each n ^ 0 and i ^ 0, 


ffW = WO 

z+m w m,ra¬ 


zz— j — 1 

5n = 50 + Z 2 

1 fc=0 


where 


w,- = 


fj + c j9o 

Qj, l+i 


j ^ 0. 


Proof, (a) To prove part (CQ) of the proposition, by [6] (2.7)], we have 


_pW = 

Z 


n ~(i) 

1, F«= 2 , n^i + 1. 

fc=i+i 9fc,fc+i 


Rewrite 


n—i ~(0 

^ n > i + 1. 

Qi+e,i+e +1 


£=i 


For simplicity, let 


Then we have 


m 


fM _ i f(0 _ V 1 f 
J 0 Jm / j J ? 


= _ 7 f (0 = 

Jm ^m+i’ ^ 


(*) „,(*) 


M = 


-0) 

«i+< 


(*+<)„,(*) 


Qi+e,i +£-fl 


TO ^ 1, 1^0. 


t=l 


( 2 ) 


The goal of the construction of {G^} is for each k: 1 < k < m, express /, 
as 

m 

f (i) _ V f(*+0W0 

J m /_j J m—l 


(0 

m 




Clearly, Next, by (]2]), we have 


m—l 


/■(*+!) _ V f( i+1 + s ) ?/ (i+i) _ V fRKLh+i) ™ > 9 

J m—l ~ Zj J m—l—s a s ~ /-I Jm-s a s -1 > rn ^ Z> 

s=l s=2 

Hence by ([2]) again, it follows that 

m m 

Ai) _ y ,(;+%» , f (i+i) 7/ « _ V W+Or (0 +,/ i+1 ) 7/ Wi 
Jm - Zj Jm-e U l + J m—l U 1 ~ Zj J m-£ V U (. + “£-l W 1 T 


«=2 


£=2 
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Comparing this and (121). it, is clear that for replacing the set {1,2,..., m} by 
{2,3,..., m} in the summation, we should replace the term 


=: Gj, 1 j, (m ^) £ ^ 1 (at the first step) 


by 


u 


{i) + =: Gg, (m » ^ 2 


(0 


Then, we have 


fm = X 2> m ^ 2 (at the second step) 


(3) 


£=2 


Similarly, by ©, we have 


fh+2) _ V f 
J m—2 / i Ji 


in—2 


(i+2+s) ij( (i+2) _ ^ y(*+ s ), f (*+ 2 ) 


m—2—s U s 


m—s U s-2 i 


m ^ 3. 


5=1 


s=3 


Inserting this into (J3J), it follows that 


with 


frn = XI fm—l m > 3 (at the third step) 

i=z 

afl - a% + »<1 + 2 2 ) g(‘>, (ms)(s3. 

(0 


One may continue the construction of recursively in /c. In particular, with 

m 

Ai) _ v 

1m /_j Jm—£ 1 

i=m —1 

— /0 m—1 + 

_/-»(*) i ,,( i + m - 1 )ri(>) 

— u ro,m- 1 “G U 1 


and 


at last, we obtain 


^m-l, m—1 ( at ( m “ X ) th ste P) 

fjC, _ / (i+’») G W m , 0 (j) m (by 0)i 


fm ~ Om,m ~ G m,m-i + »i‘ + ” (at the m th step) 

for m ^ 2 and i ^ 0. We have thus proved not only m but also the first 
assertion of the proposition. 

(b) To prove part (2) of the proposition, we rewrite g n as 

71—1 

g n = 9o+ X v i X n ^°- 

1 k=j 

Then the second assertion follows from the first one of the proposition. □ 
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Remark 4.2 From (pQ), it follows that 


U k,k ^ u 1 


Successively, we get 


/'-((*) ^ (*+k—1) (i+fc—2)^-,(i) 

^ U 1 U 1 ^ 


k-2,k-2 




(i+k— 1) (i+k— 2) (i+l)^-,(j) 


1 

fc-1 

n«f 

s=0 


U 


1 


W 1 Ct 1,1 


(i+s) 


We have thus obtained a lower bound of Gm,m (and then lower bound of g n ): 


c (i) ^ n 

^ m,m ^ | | 


m-1 ~(*+s) 

^z+s+1 


g_Q (Zi+s+l, i+s+2 
When Q = 0, we return to the original f!£): 

m— 1 


F (0) = G (0) = I I 

m ^m,m J | 


s=0 


Qs+1 
bs+1 ' 


5 An algorithm for (hi) in the tridiagonal case. 

We now come back to the birth-death processes and look for a simpler algo¬ 
rithm for the O c -harmonic function h. 


Lemma 5.1 For a birth-death process with killing, the O c -harmonic function 

h: 


bi{h i+ 1 - hi) + a,i(hi_i - hi) - Cj/ij = 0, i Ss 0 

can be expressed by the following recursive formula 


ho = 1) 

< hi = 1 + vq, 

hi = (1 + Ui -1 + Vi-i)hi-i - Ui-ihi-2, i > 2, 


where 



i ^ 0. 
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From Lemma 15.11 it is clear that the sequence ( h n ) is completely deter¬ 
mined by the sequences (u n ) and (v n ). 

Next, we introduce a first-order difference equation instead the second- 
order one used in the last lemma. To do so, set 


Ti = 


hi +1 


i 0 , 


r o = 


1 F u 0 


By induction, we have hi ^ (1 + and hence r* ^ (1 + Vj) 1 . From 


h"n +1 (1 T u n F v n )h n u n h n _i, n ^ 1, 

we get 

1 = (1 T Rn T v n )v n u n v n —\v n = (1 F F v n u n v n —\)r n , n ^ 1. 
Clearly, we have 

1 F Rn F Rn RnRn —1 ~ 1 F Vn F Rn(l Rn—l) F 1 F Vn ^ 1* 

The next result says that we can describe (h n ) by (r n ) which has a simpler 
expression. 


Proposition 5.2 Let (u n ) and (v n ) be given in the last lemma, set = 1 F 
v n F v n - Then 


1 


r o = 


1 F v 0 ‘ 


r n = 


£n V, n T n —1 


< 


1 + Vn + 


V'n'Vn—1 
1 F V n -1 


-1 


n ^ 1 . 


Furthermore, the sequences {r n } and {/i n } are presented in Theorem 12.11 


In what follows, we are going to work out some more explicit bounds of 
(r n ) and a more practical corollary of our main criterion (Theorem 12.11) . We 
will pay a particular attention to the case that u n = 1 which is more attractive 
since then the principal eigenvalue Ao(Ll„ lin ) = 0 (=> cr ess (fi£ lin ) F 0) once 
v n = 0. Thus, one may get some impression about the role played by (c n ). 


Lemma 5.3 If 

Rn f £n—1 Cn— 1 4R n _i 1 ^ Rn—1 (£n \/£n 4ti n ) 

for large n, then by a local modification of the rates if necessary, we have 


r n 


£n - V^n - 4 ?F 

2Un, 


n ^ 1 


and then 


^ 

hn > (1 F Vo) ]^[ - 


n ^ 1 . 


fe=i 


Besides, for r n -i F r n , condition jU is necessary. 


(4) 
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Proof. Let us start the proof of an informal description of the idea of the 
lemma. Suppose that r n ~ x as n — * oo. From the second equation given in 
Proposition 15.21 we obtain an approximating equation 

1 

x = --. 

sn U n X 

Since x ^ 1, we have only one solution 

in — y/ in — 

2Wn ' 

This suggests us the upper bound 

, £n y/ in ~~ ^ u n 

r„ < - 1 - 

2 u n 

for large n. This leads to the conclusion of the lemma. 

(a) Assume that condition in the lemma holds starting from no, and sup¬ 
pose that dU) holds for n — 1 (n ^ no). Then we have 

1 

Un^n—l 

1 

U n (2Un-l) r^n—1 'sjin —1 lU/,— | ^ 

2n n _i 

‘ZUn-lin Un(jin —1 i n —l ^Un —] ^ 

We now show that the right-hand side is upper bounded by 


r n = 






u- 


Cn y/li ^ u n 

2n n 


2 

in + y/ in ~~ 4n n 


Or equivalently, 


_ u n - 1 _ _ 1 _ 

2li n _i£ n - U n ^ n _i - ^in_ 1 - 4n n _i ) in + V “ ^ U n 

This clearly holds by the condition of the lemma. We have thus obtained ([4]) 
for n and then completed the second step of the induction argument. 

(b) The proof for the last assertion of the lemma is similar: from r n _\ ^ r n , 
one obtains 

1 1 

r n ~ ~ ^ 7 ■ 

s n ^r\T n —1 s n ^r\X n—\ 

Solving this inequality and noting that r n ^ 1, we obtain again condition Q. 
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(c) It remains to show that (J4]) holds for every n ^ no - 1 by a suitable 
modification of the rates, and then complete the induction argument. To see 
this, we may modify the rates (aj,Cj) step by step. Let us start at n = 1. 
First, let ci = 0. Then v\ = 0. Moreover, 

- y/({~ 4iti _ lT U\ 11 U\ | _ f 1 if u\ sS 1 

2 ui 2ui {ur 1 if u\ > 1. 

Hence we can simply choose a\ ^ b\ which implies that u\ ^ 1. At the same 
time, 

1 1 

n =-=-uj l. 

^i-rtiro l + rti(l-r 0 ) 

Therefore, for the modihed rates, the assertion holds at n = 1. Note that 
this modification does not change anything of r n for n ^ 3 and (a n , b n , c n ) for 
n ^ 2. Besides, for smaller n, we have smaller r 2 - Continuing the modification 
step by step, we can arrived at the required conclusion. □ 

In particular, if u n = 1, the condition of the lemma becomes 

V'Wn—1(4 + v n -i) - V n -1 ^ y/v n (4 + v n ) - v n 

which holds once v n is decreasing in n since the function yjx(x + 4) — x is 
increasing in x. 


Lemma 5.4 Given two sequences {p n } and {q n }, suppose that q n tt oo as 

(no =%) n f oo. 


(1) If 


then 


Pn+l Pn 

-> V, 

Qn+1 Qn 


n Ss no, 


r Pn 
Inn — ^ T]. 

n Qn 


(2) Dually, if 


then 


Pn+l Pn 

-< e, 

Qn+l qn 


n S* n 0 , 


r— Pn ^ _ 

inn — ^ £. 

n qn 


Proof. Here we prove part (1) of the lemma only. Since q n ||, by assumption 
and the proportional property, we have 

Pn+l ~ Png _ (. Pn+l ~ Pn) + ' ' ' + {Pnp+1 ~ Png) ^ 

Qn+1 — Qno ( Qn+1 ~ Qn) T ‘ ‘ ‘ T ( Qng+1 ~ Qno) 


n ^ no- 
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Because q n j oo, we have 


^ Vn_ _ ^ Pn+l/qn+1 Pn 0 /qn+l 
n qn n 1 Qno/qn+1 


sup 

m>no ' 


inf 


Pn +1 Png 
Qn +1 ~~ Quo 


^ T] 


as required. □ 

With some obvious change, one may prove the following result. 


Lemma 5.5 Suppose that q n J4 0 as (no n ] oo. 


(1) If 


then 


(2) If 


then 


Pn Pn+1 _ 

-^ r), 

qn qn +1 


n ^ n 0 , 


1 ■ Pn 
Inn — ^ 1 ], 

n qn 


Pn — Pn+1 ^ 
'' 

qn qn+i 


n ^ n 0 , 


r— " n ^ 
Inn — ^ e. 

n qn 


Corollary 5.6 Let 

n 1 

An = B n = ^ 1 j ■ 

0 k^n h k h k+lPkh 

If B n = oo and liiri n A n = oo, then cr ess (n(( lin ) ^ 0. Next, assume that B n < oo. 

(1) If inf n »i a n > 0 and lim n h^ n \/omB n = 0, then lim n A n B n = 0 and so 

°ess(^mi n ) = 0- 

(2) If either lim n h' 2 n ji n B n > 0 or lirru tijUn-x/cu,B r , > 0 plus inf n »i r n > 0, 
then lim n A n B n > 0 and so a ess (fl^ in ) / 0. 


Proof. The trivial case that B n = oo is easy by our criterion. Now, assume 
that B n < oo. Note that B~ l jj oo as n \ oo. We have 


^4n+i A n 
B~h -Bn 1 


p>n+ih n _\_iB n B n _)_ i 

1/ {h n h n +ip n bn) 

= h n h n _^^p, n P j n+lbnBn+l ( B n +1 + 


1 


h n h n +l pnbr, 


(ft„ + lfc + lW+l) n T h’^ l _^^p, n j r lB n -\-\. 
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By part (2) of Lemma 15.41 it follows that 

lim A n B n = 0 once lim b? n n n ~Ja^,B n = 0. 

n n 

We have proved part (1) of the corollary. The proof of part (2) is similar. □ 


Lemma 5.7 Assume that 


r n < 


-) 


1/4 


n » 1 


K U n CLn+l ) 

and Imp, b? n [i n/s [a^, = oo. 

(1) If lim n [b n /y/a^- r%y/a n+ 1] = oo, then lim n h? n p ny /a^B n = 0. 

(2) If inf n »i r n > 0 and lim„ [b n /^/a^ - r 2 n/s Ja n+l \ < oo, then 
lim n h 2 n [i ny fa^B n > 0. 


Proof. Note that h^Hny/a^, is strictly increasing iff 


r n < 


b n \ 

\/ Qn®n+1 \'^nO'n +1 ) 


1/4 


If lim„ = °°) then by Lemma 15.51 the study of the limit 


b‘ n ^n'\/Om B n 

can be reduced to examine the limit of 

1/ (h n h n -\-i[x n b n ') 


B r 


l/(hlfj, ny /a. 


V(^nMnV®n) 1/ (^'n+lA)i+l'\/ 1) b n / \/On \/dn+ 1 


• □ 


The next result shows that once we know the precise leading order of the 
summands, the computation used in Theorem 12.11 becomes much easier. 


Lemma 5.8 (1) If both /i n //7 and fi n b n h n h n+ \ have algebraic tail (i.e., 

for some a > 0), then 


n 


Z bi h ) Z 

j= 0 fc=r 

go n 

Z MiZ 

/=n+l fc=0 


1 


bkhk+i^kbk b 


1 


n 

- —r n as n —> oo. 


n 


h'kh'k+lfJ'kbk Rn+l^n 


as n —> oo. 
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(2) If both /j, n hn and /j, n b n h n h n+ 1 have exponential tail (i.e., ~ e an for some 
a > 0), then 


2 s 

j =0 k=n 

oo n 

2 

j=n+l fc=0 


1 


hkhk+i^kbk b n 

1 1 


as n —* oo. 




as n — > oo. 


Proof. Let ~ n Q and n n b n h n h n+ i ~ rH. Then 


~ nn n hl, 

3=0 


s 

k=n 


i 


n 


hkhk+ll-kkbk h’nhn+l/J'nbri 


Hence we obtain the first assertion in part (1). The other assertion can be 
proved similarly. □ 


6 Proofs of Examples I2.9H2.1I 


Proof of Example 12.91 The conclusion that cr ess (Slh n ) / 0 is actually 
known since the principal eigenvalue Ao(H^ lin ) = 0 by [3j Example 9.16] which 
implies the required assertion. 

We now prove the assertion by our new criterion. First, noting that h n f, 
if /too := lim n h n < oo, then B n = oo and so the conclusion follows by Corollary 
15.61 Next, let h ca = oo. Then lim n = oo. Because c n { 0, 


< 1 = 


\Un,Q"n +1 / 


n ^ 1 . 


lim r n = 1, 

n 


we have lim n \b n /*J~a^— r^^/a n+ 1 ] = 0 and so the assertion that <7 ess (fi£j in ) / 
0 follows by using part (2) of Lemma 13771 and part (2) of Corollary 15.61 □ 

Proof of Example 12.101 The model is modified from [3} Example 9.19] 
where it was proved that Ao(H^ in ) > 0. The key for this example is that 
u n = 1 and v n = 9/4. Hence r n ~ 1/4 and then h n ~ 4 n . Because /j n ~ n _1 , 
we have Mnb'i = oo and lim n /;//i n 0a^ = oo. It is obvious that 

n y / 4 _c+w 4 „>! 

" U»n,. + J \n + 2j ’ 

Besides, we have 


15 


bn /V &n T n \J Q*n -\-1 ~ -^gV^ 


as n 


00 . 
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The assertion that cr ess = 0 now follows from part (1) of Lemma [5771 

and part (1) of Corollary 15.61 

Lemma 15.81 is applicable to this example. Because r n ~ 1/4 and then 
h n ~ 4 n , we are in the case of exponential tail. By the first assertion in part 
(2) of Lemma 15.81 we have 


n go 

£* h k hk+iHkbk 


rn 

bn 



n 


as n — * oo. 


The required assertion then follows from part (1) of Theorem 12. 11 □ 

Proof of Example 12.111 The model is modified from [31 Example 9.20] 
where it was proved that Aq (^min) > 0- We have u n = 1 and 


V n = 


10 


(n + l) 2 [ 5ra-12 


which is decreasing in n ^ 3. Because we are studying a property at infinity, 
without loss of generality, we may apply Lemma 15.31 to derive 


2 + v n ~ V(4 + v n )vn ( n + 1 \ 

rn ^ 2 < \n + 2j 


1/2 


From Q, we get 


h n = ( 0 rk 

' fc=o 


> 


n 

k =0 


k + 1 
k + 2 


n ^ 3. 


(5) 


1/2 \ -1 


= (n + 1) 1/2 . 


Hence /x n /t 2 ^ n~ l and so ^ = oo. 

To estimate lim n [6 n /0o^ — r 2 ^/a n+ i], we need a lower bound of r n . An 
easier way to do so is modifying the rather precise upper bound of r n : 

, ~~ y/ — £n 

r„ ^ 1 - = - 

2u n 2u n 



Clearly, we need only to look for a lower bound of —\/l — 4u n /^ as n —> 
oo. For this example, u n = 1, = 2 + Since —> 0, it is clear that 

— y/\ — 4u n /£n ~ 0 as n —> oo. Thus, it is natural to approximate this by 
second-order polynomials of 1/n: 


I 4u^ 2.23615 1.81327 

V 1 e n + n 2 

This leads us to choose the following lower bound: 



2 


n 


2 ' 
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Then 


r n > 



3 

n 


2 \ 

7 t (by a numerical check) =: r] n (Fig. 1). 

) 



Figure 1 The top curve is r n . The bottom curve is (l + (l — ^ + . 

Furthermore, 

lim [ bJy/En - r 2 n ^Ja n+ 1 ] sS lim \n + 1 - ?/ 2 (n + 2)1 = 5 < oo. 

n L J n L J 

We mention that there is enough freedom in choosing the lower bound. For 
instance, replacing 2/n 2 by 5/n 2 in the lower bound above, the result is the 
same. By using part (2) of Lemma l5.7l and part (2) of Corollary 15.61 we obtain 
cr ess(^min) ^ 0- 

Alternatively, we can also use Lemma 15.81 to prove this example. We have 
seen that r n ~ 1 — a/n for some a > 0. This means that h n ~ n a and hence 
we are in the case of algebraic tail. By the first assertion in part (1) of Lemma 
15.81 we have 


E Mi E 

3=0 


1 


n 


k—n 


h'kh'k-\-lfJ j kbk bn 


1 as n —► oo. 


Then the required assertion follows from part (1) of Theorem l2.ll □ 


7 Elliptic differential operators (Diffusions) 

Consider the elliptic differential (diffusion) operator 







DISCRETE SPECTRUM 


21 


on E := (0,oo) or M. Define two measures 

e C{x) r< \ 

u(dx) = -——dx, u(dx) = e LX> dx, 

a(x) 

where C(x) = §g(b/a)(y)dy and 6 is a reference point. Define also a measure 
deduced from u 

u(dx) = e~ c{ - x) dx. 

Corresponding to the operator, we have the following Dirichlet form 

D c (f) = f f(xfu(dx) + f c(x)f(x) 2 n(dx) 

JE JE 

with domains: either the maximal one 

%m X {D c ) = {/ 6 L 2 (y) : / is absolutely continuous and D c (f) < oo}, 

or the minimal one n(D c ) which is the smallest closure of the set 

{ / 6 ^ 2 (E ) : / has a compact support} 

with respect to the norm || • ||d, as in the discrete case (JZJ). 

In parallel to Theorem 12.11 we have the following result. 


Theorem 7.1 Let E = (0, oo) and h ¥= 0-a.e. be an L c -harmonic function (to 
be constructed in Theorem 17.41 below): L c h = 0, a.e. 

(1) If z>(/i -2 ) < oo, then <7 ess (Z4 in ) = 0 iff 

V{h 2 t {0>x] )i>(h- 2 l {xtao )) = Um h 2 d M J^ -^dv = 0. 

(2) If /i(/? 2 ) < 00 , then cr eS s(£max) = 0 iff 

ro 0 rx j 

^K h2 H*,«>)M h ~ 2 Ho,x)) = i™0 h2d ^l /}2 dP = 0 - 

(3) If z>(h“ 2 ) = oo = y(h 2 ), then a ess (L c min ) = a ess (L c max ) / 0. 

When c(x) = 0 and b(x) = 0, the first two parts of the theorem may go 
back to [9]. When c(x) = 0, part (1) was presented in [U Theorem 4.1] and 
[2 Example 6.1]; under the same condition c(x) = 0, part (2) of the theorem 
is due to [lOl Theorem 1.1], again replacing the uniqueness condition by a use 
of the maximal process. In the general setup, a different criterion for part 
(1) was presented in [12] and [2 Corollary 5.3], assuming some weak smooth 
conditions on the coefficients of the operator. Unfortunately, we are unable 



22 


Mu-Fa Chen 


to state here their results in a short way. In particular, in [2 Corollary 5.3], 
the family of intervals {/(x) : x e E} is assumed to be existence but is not 
explicitly constructed. When b(x) = 0 in L c , a compact criterion for part (1) 
was presented in [12] . For general b in part(l), it was also handled in [9lll2j by 
a standard change of variables (called time-change in probabilistic language). 
Unfortunately, as far as we know, the conditions of these general results are 
usually not easy to verify in practice and so a different approach should be 
meaningful. Here is a key difference between the approaches, the time-change 
technique eliminates the first-order differential term b and our 17-transform 
eliminates the killing (or potential) term c. 

Corollary 7.2 If cr ess (L^ in ) = 0, then A 0 (LU n ) > 0. 

To study a construction (existence and uniqueness) of an a.e. L c -harmonic 
function, we need the following hypothesis. 


Hypotheses 7.3 Let JcK. Suppose that 

(1) a > 0 on J; 

(2) b/a and c/a are locally integrable with respect to the Lebesgue measure. 

In an earlier version, we assumed that e c /a is locally integrable. Actually, 
this is equivalent to the local integrability of b/a since C and then e c are 
locally bounded due to the assumption that b/a is locally integrable. 


Theorem 7.4 Under Hypothesis 17.31 for every 7 ^, 7 ^) e E, an L c - a.e. har¬ 
monic function / always exists. More precisely, a function / can be chosen 
from the first component of F* obtained uniquely by the following successive 
approximation scheme. 


(1) The first successive approximation scheme. Define 

„(°) 


( ( 0 ) \ 

7 (1) J, F^ n+1 \x) = F(e) + GF<ri, xeJ,n> 1, 

( 6 ) 


where G(x) = 


0 e" L 
ce c / a 0 

pi n ) _ 


. Then 


Jr'--*" 


as n — > 00 


(7) 


uniformly on each compact subinterval of J . In other words, F* is the 
unique solution to the equation 


F(x) = F{6) + f 
Je 


GF, 


x e J 


(8) 


and so it is absolutely continuous on each compact subinterval of J. 


DISCRETE SPECTRUM 


23 


(2) The second successive approximation scheme. Define 

FW(x) = F(d), F^ n+1 \x) = f GF (n) , x € J, n > 1, (9) 

Jo 

then F* = F^J (which is the so-called Peano-Baker series). 

Proof. (a) Part (1) is taken from |14l Theorem 1.2.1 and its proof plus The¬ 
orem 2 . 2 . 1 ], 

(b) By induction, it is easy to check that F = YIk=\ F( k \ Then part (2) 
follows from part ( 1 ). □ 

A simple way to understand Theorem 17.41 is to look at its differential form 
of®: 

F' = GF, a.e. (10) 

From I®, one sees that the sequence {i ? ( n )} n>1 is given by a one-step algo¬ 
rithm, as the one for {r n } n ^i used in the discrete case. Then F* is given by 
the summation of which is different from the discrete situation where 

h is defined by a product of {r^ 1 }. 


Theorem 7.5 Let c, 7 ®, 7W ^ 0. Then under Hypothesis 17.31 

(1) the solution F* constructed in Theorem 17.41 is actually the (finite) minimal 
nonnegative solution to ([8]). Furthermore, F^ n > \ F* (pointwise) as n —* 

00. 

(2) Let F be a solution to the inequality 

F(x) ^ F(9) + f GF, xe J (11) 

Jo 

or more simplicity, to the inequality 

F' ^ GF, with F(0) > F(0). (12) 


Then F ^ F*. 

Proof. Apply [2} Theorems 2.2, 2.9, and 2.6]). □ 

Example 7.6 Let 

^ = £2- c (*)’ C W ■= l x2a ~ 2 + ^r xa ~ 2 ’ a > L 


Then a ess (LFJ = 0 if cr > 1 and a ess (L^ in ) j- 0 if a = 1. 
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Proof. By Theorem l7.4l we have F* = ( Cj / ) • Hence, it is natural to choose 


F(0) = ( j . Because of this, we may denote the first component of F by 


h ^. Similarly, we have h^ from the second successive approximation scheme. 
First, by using Mathematica, we have m 2n ) = 0, 


„2a 


h^\x) = 1, 

~h$)(x) = - , 

1 ’ 2a 8a(2a - 1) ’ 

/j(5) (x) = ~ 1 ) g2 Q , ( 5 « “ 3 ) x3 “ 


„4a 


8a 2 (2a — 1) 48a 2 (2a - l)(3a - 1) 128a 2 (2a - l)(4a - 1) ’ 

7(7)/ n (a - l) 2 x 3a (a-l)(7a-3)x 4a 

48a 3 (6a 2 — 5a + 1) 192a 3 (2a — l)(3a — l)(4a — 1) 

(89a 2 - 80a + 15) x 5a 

+ 3840a 3 (120a 4 - 154a 3 + 71a 2 - 14a + 1) 

—6a: 


3072a 3 (48a 3 - 44a 2 + 12a - 1)' 

Their leading orders are as follows: 

iU'M - l, /.«>{*) ~ , fc <5) (x) ~ 4(^) , ftP'w 


i /x a y 


2304 \2a) 


More simply, one may use x 2a_2 /4 instead of the original c(x), one gets the 
same leading order of F‘ 2n+1 \ From this, we guess that h = looks 

like exp . This becomes more clear when we use the first successive approx¬ 
imation scheme. 


h^\x) = h^ 2 \x) = 1, 
h^ 3 \x) = h^(x) = 1 + ^—f 


„2 a 


2a 8a(2a — 1) ’ 


h^ 5 \x) = h^\x) = 1 + -—h 


„2 a 


(5a — 3)x 


3a 


„4a 


h(7) (x ) = h^(x) = 1 + — + —J + —J + 


2 a 8a 2 48a 2 (6a 2 — 5a + 1) 128a 2 (8a 2 — 6a + 1) 

(23a 2 - 23a + 6) x 4a 


x^ a 


2a 8a 2 48a 3 384a 3 (3a — 1) (8a 2 — 6a + 1) 

-V- ' 

(89a 2 - 80a + 15) x 5a 
3840a 3 (3a - l)(5a - 1) (8a 2 - 6a + 1) 

™6a 


3072a 3 (6a - 1) (8a 2 - 6a + 1) ‘ 
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Obviously, h^ n > is approximating to 


exp 


2 a 


°° I / T a\n 


n =0 


step by step. Since a ^ 1, we have seen that 


FI -i / ry \ k 


This leads to the lower estimate of h: h(x) ^ exp|^. We are now going to 
show that the equality sign here holds. 

In general, in order to check that F -(A) , it is easier to check (flOl) . 

With h = exp^, from equation (HOD , it follows that 


+ i>' 2 ) + bip' = c, 


or equivalently, 

i/)" + i>' 2 + -ip' = -. (13) 

a a 

In the present case, it is simply 


ijj"{x ) + 


rx 


,2a—2 



„a -2 




2 


From this, we obtain i/j'(x) = x a 1 /2 and then 4>(x) = x a /(2a). Having h 
at hand, the assertion of the lemma follows from Theorem rm Since h is 
increasing, n{h?) = oo, we need only the last two parts of Theorem 17.11 The 
details are delayed to the next example since this one is actually a particular 
case of Example 17.101 (21 with 6 = 0. 

We remark that the precise leading order of h at infinity is required for 
our purpose, the natural lower estimate h ^ h^ for fixed n is usually not 
enough. Nevertheless, the successive approximation schemes are still effective 
to provide practical lower bound of h. An upper bound of h is often easier to 
obtain by using (I12[i . We also remark that the simplest way to prove Example 
17.61 is using the following Molchanov’s criterion am, see also (HJ page 90, 
Theorem 6]): if 6 = 0, a = 1, and c is lower bounded, then £7 e s S (^mi n ) = 0 iff 


for each 6 > 0, 



as x 


00 . 


From this remark, it should be clear that there is quite a distance from the 
last special case to our general setup. 
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With a little modification of the proof for the last example in the case of 
a = 2 , it follows that h(x) : = exp[x 2 / 2 ] is harmonic of the following operator 


L c = —^ — c(x), c(x) := x 2 + 1. 


Then, by using a shift, we obtain the following result. 


Example 7.7 The one-dimensional harmonic oscillator 

LC= ^ 2 _C(X ' 1, C ^ :=X2 


has discrete spectrum. 


Actually, it is known that the eigenvalues of the last operator — L c are 
simple: A n = 2n + 1, n = 0,1,... with eigenfunction 

r\ n 

g n (x) = (~ 1)V* 2 / 2 —e-" 2 , n = 0,1,..., 

respectively. By symmetry, the conclusion holds not only on the half-line but 
also on the whole line. 


Example 7.8 Let E = (0, oo), 7 ^ 10/9, and 


L '-< 1 + + T (1 +: = 2 i Uoo M ‘ I + *> 7 " 

Then a ess (L r min ) = 0 if 7 > 2 and a ess (L^ in ) ^ 0 if 7 e [10/9,2]. 


Proof. We remark that condition 7 ^ 10/9 is for c(x) ^ 0. 

First, we look for the L c -harmonic function h having the form h = exp^ 
for some ip. Then, by (1131) . we have 

( i + *)»W + *V£(i + 

This equation suggests us first that ip' = j3(l + a :)” 1 for some constant /3, and 
then (3 = 7 /IO. Hence, we obtain h(x) = (1 + x)@. 

Next, we have 

C(x) = f — = — log(l + x), e c ^ = (1 + x) 4 ^ 5 , 

Jo « 5 

n(dx) = (1 + x) _ 7 ^ 5 dx, z>(dx) = (1 + x)^ 47 ^ 5 dx, 

^(O.x)) = X i v(h l(a;,oo)) = ^ + ' 
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Therefore, ^{h 2 t(^ x -^ju{h 2 l( Xi0 o)) ~ x<2 7 as x —* oo. The result now follows 
from Theorem 17. 11 (1) . □ 

Actually, this example is a special case of Example 17.111 (2). 

Up to now, we have studied in one direction: reducing the case that c(x) ^ 
0 to the one c(x) = 0. Certainly, we can go to the opposite direction: extending 
the result from c(x) s 0 to c(x) ^ 0. This is actually much easier but is very 
powerful. For simplicity, we restrict ourselves to the special case that h > 0. 
Then one may write h = exp ip for some ip. This leads to the next result which 
is a special case of 0 Corollary 3.7]. 


Corollary 7.9 Given 


d 2 - d 

L = d(x)——^ + b(x)—— with domain a(x) > 0 


dx 2 ' v ' dx 
and ip e tf 2 (E) (E cz R), define 

L = L — 2aip '~—h 
dx 


dip' 2 — Lip 


d 2 


= a- 


[b — 2 dip'] - 


dip' 2 — dip" — bip’ 


dx 2 L J dx 

®(L) = {/exp[—'(/.’] e L 2 (jl) : /exp[-^] e 0(Z)}. 


(14) 


Then (L,@(L)) and (L, are isospectral (in particular, cr ess (L ) = <r ess (L)). 

Furthermore, if we replace ip' by 


,, b-b 

ip = - for varying b 

2d 

(assuming a,b,b e ^(E )'), then the operator L becomes 


(15) 


L b - a “ 


dx 2 dx 


6 2 — b 2 _ d (b-b 

- a ~r~ —~— 

2 a dx V a 


Corresponding to fF max (L ), we have f ma . Y (L) defined by (fl4l) in terms of ip. 
Then, we have L max . Furthermore, we have L \ ax in terms of (11511 . Similarly, 
corresponding to ^min(Z), we have ^ m i n (L), L m ; n , and L^ in , respectively. 


Example 7.10 Let E = (0, oo), a > 0 and b e ^(E). 


(1) Define 


L = 


E 


dx 2 

d 2 


— x 


a— 1 


dx’ 


6 “ + 6(l) S + l 


\K X ? 


b\x) 



a + lx 


„a—2 
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Then for each b, L b m av and L max are isospectral, Q- ess (L ^ aY ) = 0 if a > 1 

and cr ess (L^ iax ) / 0 if a e (0,1], 

(2) Define 


L = 


„OL—\ 


dx 2 


_c^ 

dx ’ 


L b 


d 2 ,, , d 1 

d^ + 6(x) d^ + 2 


-b(x) 2 + b'(x) 


-x a + a — 1 x 


„o— 2 


Then for each b, L b min and L m i n are isospectral, a ess (L b mm ) = 0 if a > 1 

and o- eS s(Tm in ) ^ 0 if a e (0,1]. 


Proof. Note that 0(E) = oo. By [TOl Example 4.1], for the operator 
r d 2 a _! d 

s 011 O’ 00 ) 

with the maximal domain, we have <J ess (Lo) = 0 if a > 1 and <r ess (Lo) ^ 0 
if a £ (0,1]. Actually, 





x 1 -^ 


as x —*■ oo. Hence f>(0, x)n(x, oo) ~ x 2 ( 1_Q ) as x —» oo. The required conclusion 
now follows from Theorem 17.11 12) with h = 1. Then, by Corollary 17.91 we 
obtain part (1). 

To prove part (2), recall that for the differential operator 


r , x d" ,/ x d 

L = a ( x )^2 + b ( x )^~, 
dx z dx 


as an analog of the duality for birth-death processes used in Section [3] (part 
(d)), its dual operator L takes the following form: 


? < x d 2 

L = a ( x )^2 + 




_d_ 

dx 


(cf. [H (10.6)] or [4j §3.2]). Hence, the operator 


L = 


dx 2 


x 


,a— 1 


d 

dx 


with the minimal domain is a dual of Lq with the maximal domain (cf. [3} 
(10.6)]) and so they have the same spectrum. Thus, part (2) follows again 
from Corollary 17.91 □ 
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Example 7.11 Let E = (0,oo), 7 > 1 and be E ). 


(1) Define 


x 


L = ( 1 

L b = (1 + x y 


d 2 

dx 2 ’ 

_cP_ 

dx 2 


6(x) 


dx 


1 

2 


6 (x ) 2 
2(1 + x ) 7 


b\x) 


7 b(x) 
1 + x 


Then for each b, L b max and Z max are isospectral, cr eS s(^max) = 0 if 7 > 2 

and a ess (L b max ) ^ 0 if 7 e (1,2]. 

(2) Define 


+7(1+a:)7 ^' 

^< i+ ‘ 4 +i < 


+ 


1 

2 


' 6 (x ) 2 

2(1 + x)i 


7 6(x) 
1 + x 


+ 6 '(x) — 7 



1 ) (1 + x) 7 


2 


Then for each b, L b min and L min are isospectral, a ess (L b m - n ) = 0 if 7 > 2 

and a ess (L b min ) ^ 0 if 7 e (1,2], 


Proof. As in the proof of Example 17.101 it suffices to study the spectrum of 
the operator 

L °~ {1+xy ^ 

with the maximal domain. Clearly, 

/r(dx) = (1 + x) _ 7 dx, z>(dx) = dx, z>(0, 00 ) = 00 , fJ>(E) < 00 if 7 > 1 . 

We are in the case of Lemma 15.81 (11: z>(0, x)fi(x, 00 ) ~ x 2-7 as x —» 00 . 
Hence, by Theorem 17.11 (2) with h = 1, Lq has discrete spectrum if 7 > 2 and 
otherwise, if 7 e ( 1 , 2 ], □ 


Remark 7.12 The condition c(x) ^ 0 used in the paper has some proba¬ 
bilistic meaning (killing rate), but it is not necessary, as we have seen from 
Example 17. 101 (2) with 6 (x) = 0 and a e (0,1). Everything should be the same 
if c is lower bounded which can be reduced to the nonnegative case by using 
a shift. The last ‘bounded below’ condition is still not necessary, refer to [5j. 

Up to now, we have studied the half-space only. The case of whole line is in 
parallel. To see this, fix the reference point 0 = 0 and use the measures // and 
u defined at the beginning of this section. For simplicity, here we write down 
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only the symmetric case (which means that fj, are finite or not simultaneously 
on (—oo, 0 ) and (0,oo), and similarly for u). The other cases may be handled 
in parallel. 


Theorem 7.13 Let E = R and h / 0-a.e. be an L c -harmonic function con¬ 
structed in Theorem 17.41 

(1) If 0{h~ 2 ) < oo, then a ess (L ^- n ) = 0 iff 


lim 

£—►00 


v{h 2 l ( o tX ))v(h 2 l (Xi00) ) + n(h 2 t { _ xfi) )C>(h 2 l ( _ 00 _ a . ) ) 


= 0 . 


(2) If n(h 2 ) < oo, then a ess (L^ ax ) = 0 iff 


lim 

£—►00 


v(h 2 l( Xt oo))u(/i 2 l( 0 ,x)) +^(/i 2 l ( _ 00 _ x) )z>(/i 2 1(_., 0 )) 


= 0 . 


(3) If iy(h 2 1(— oo,o)) = v(h 2 l( 0 ,oo)) = oo = fi(h 2 l(_oo,o)) = ^ 2 l(o,oo)) - 
then cr ess (L^ in ) = cr ess (T^ax) ^ 0- 


Proof, (a) As in the proof of Theorem 12.11 by [5j Theorem 3.1], it suffices to 
consider only the case that c(x) = 0. 

(b) Part (2) of the theorem follows from [TOj Theorem 2.5 (2)]. 

(c) Part (1) of the theorem is a dual of part (2). Refer to [H (10.6)] or (4J 
§3.2]. 

(d) In the present symmetric case, part (3) is obvious in view of Theorem 

0(3). □ 

The approach used in this paper is meaningful in a quite general setup. 
For instance, one may refer to |5| for some isospectral operators in higher 
dimensions. 
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